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Motivation

m Goal: Autonomous drone cooperation
— Building structures
— Transporting packages

- ReCIUireS: RObUSt COﬂtrO| a|g0rlth mS Or mOdel the [Muhammad Usama, “Stack Approach to Cooperative Drone Lifting”, DroneBelow ]
dynamics for the coupled system.
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Quadcopter dynamics

Expanded Equations of Motion

,U x — Ug

Equations of Motion for Py = Uy
States a Rigid Body P, =1,
z =[p,v, E, w]l p=u Uy = —— [cos ¢ cos 1) sin 0 + sin ¢ sin o]
: : . 1 g - T
P = [Pz, ;U-;;-.'Fz] U= 9T ERBT()z 0y = ——|cos ¢sin f sin 1 — sin ¢ cos ]
: m
0 = [v2, vy, v.] E 1) ~a e
L By TR o rlia v, =g — —|cos ¢ cosl]
. : W = .] (AI — W X JTLJ) m '
E =[6,0,¢] -. - |
_ P = Wy + wysingtanf + w, cos ¢ tan 6
w = Wy, wy, w,] 6 = w, cosp — w, sin ¢
(T o z . f

Y = w, sin ¢ sec + w, cos ¢ sech

Controls (I, — I.) M
_ My z T

W, = ——~w,w, +
; N 1. 1 - I.‘L' / I.’L’
Ju — [Tq J.Iqlfil'.{:_;:: .i'.‘II.IrU: JI.‘II'IE] . (I_ - If) .':1_{”
:-‘-"-.rf — -Iy W:;:wz + Iy
) (1, —1,) M.
R A A




A Simple Pendulum attached to a Quadcopter

Newtonian Mechanics
Y.Fp = mpap
YFo =mgdyg
ZMQ :]07(2

Tension

Quite a complex method of computing the Equations of Motion...




Lagrangian Mechanics

m Hamilton’s principle

- The trajectory of N generalized coordinates q = (q1, 92,93, ---,qy) for time t € [t1,t;] isa
stationary point of the action functional which is equivalent to the variation is equal to zero:

t2
) j L(t,q(t),q(t))dt =0
t1

- The Lagrangian function for a system is L(t, q(t), g(t)) = T(t, q(t), g(t)) — V(q(t),t)
where T is the kinetic energy and V is the potential energy of the system.
m Calculus of Variations

~  The variation of the Lagrangian function L(t, q(t), 4(t)) is zero if the generalized coordinates
qi(t) and generalized velocities q;(t) satisfy the Euler-Lagrange equations:




Lagrangian Mechanics

m Forsystems with non-conservative forces that are not potentials.

- Introduce virtual work 8W = YQ;0q; from generalized forces Q; for the generalized
coordinates q = (g4, 92,93, ---, qn)- 7L he extended Hamilton’s principle is therefore,

j (6L+6W)dt =0
ty
The variation can only be zero if the integrand is zero which is equivalent to:
d 0L 0L
dtdg; g

The generalized forces and moments are projections of the non-conservative
forces in the generalized coordinates for P particles:
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A Simple Pendulum attached to a
Quadcopter

m
Q
O Quadcopter frame 1-2-3 (roll-pitch-yaw) k
O  Pendulum frame 1-2 (roll-pitch)

» Position of quadrotor,

_ d
» \elocity of quadrotor, Vg = % = {vy, Dy, Uz} O

0 LCos|ax|[t] ] Sin[E[t]] +x[t]
iti = T — Lsin|a|t ty |t
> Position of pendulum, rp =17 + DCM" (a, B) |0 ‘L[DS L sinfalt)] sylt] \
L
dr W[t LSin[a([t] ] Sin[B[t] ]| o' [t] + LCos|x([t] | Cos[R[t]]| B [t] -
> Velocity of pendulum, vp = —% = | oyl -Lcoslaft]] <[t o ‘
dt z' [t LCos|[B|t] ] Sin|x[t] | &' [t L Cos [=|t] | 51n[&[t 7t

L, 0 0
» Assume quadrotor is symmetric so that moment of inertia tensor j = l 0 L, O ‘
0 0 I,




Lagrangian Mechanics for the
Quadrotor and Simple Pendulum

m Define the 8 generalized coordinates of the system:
- q:(x;Y;Z;Qb;g;lp;a;,B)

m Define the kinetic and potential energy functions:

1 T 1 T 1 T
T = Empvpvp + EvaQvQ + ElewQ
V — _mngP - ngZQ
m The Lagrangian is then,
1 1

L=T-V = Empvgvp +§vang +§w£]wQ +mpgzp + mygzg




Lagrange’'s Equation

m Generalized coordinates are : [x,y,z,¢,0,Y, a, f]
m Generalized velocities: [vy, vy, U, Wy, 0y, 0y, &, B]

m Use Mathematica to solve the 8 Euler-Lagrange equations for the time derivative of
the generalized velocities.

LEql = Simplify[(D[D[T, x'[t]], t] - D[T, x[t]] + D[V, x[t]])[[1]11[[1]] = F.wQuadl /. KDE /. KDED];
LEq2 = Simplify[(D[D[T, v'[t]], t] - D[T, y[t]] + D[V, v[t1]) [[1]1]1[[1]] = F.vQuad2 /. KDE /. KDED];
LEQ3 = Simplify[(D[D[T, z'[t]], t] - D[T, z[t]] + D[V, z[t]])[[1]11[[1]] = F.wQuad3 /. KDE /. KDED];
LEq4 = Simplify[(D[D[T, ¢'[t]], ] - D[T, #[t]] + D[V, &[t]]) [[1]][[1]] = (M.wQuadl) [[1]] /. KDE /. KDED];
LEQS = Simplify[(D[D[T, &'[t]], t] - D[T, &[t]] + D[V, o[t]11) [[1]11[[1]] = (M.wQuad2 ) [[1]] /. KDE /. KDED];
LEg6 = Simplify[(D[D[T, &' [t]], t] - D[T, &[t]] + D[V, &[t]1)[[1]11[[1]] = (M.wQuad3)[[1]] /. KDE /. KDED];
LEq7 = Simplify[(D[D[T, a'[t]], t] - D[T, a[t]] + D[V, a[t]])[[1]]1[[1]] = @ /. KDE /. KDED];
LEg8 = Simplify[(D[D[T, B'[t]], t] - D[T, B[t]] + D[V, B[t]]1) [[1]][[1]] = @ /. KDE /. KDED];
LEgs = Simplify[Solve[{LEql, LEq2, LEq3, LEg4, LEgq5, LEg6, LEg7, LEg8}, {ul'[t], uZ'[t], u3'[t], ud '[t], us'[t], u6'[t], u7 ' [t], uB'[t]}]]
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(o fy 12)

Simulation in MATLAB

m Designing a controller:
= Jm= kp tanh(o(Pxges = Px)) — kv Ux
- fy = kp tanh(o(pydes - py)) - kv Dy, > (Ocmar Pemar Tema)

- [, =k, tanh(o(pyaes — P,) — (Mg +mp)g — ky, v,

wxcmd = kprollrate (¢Cmd B ¢)
kppitchrate (Qcmd a 8)

Pyawrate l/)

B Mx = kproll( Xemd (,()x)
k pltch( Yemd (,l)y)

z = kpyaw (wzcmd a wZ)




Simulation in MATLAB

m |Implement the dynamic update equations with the controller from the previous slide.

m For the following simulations assume, m, = 1kg,L = 0.5m




Simulation in MATLAB

m Elliptical trajectory with, mp = 0.1kg, a(0) = 0,3(0) =0




Simulation in MATLAB

m Elliptical trajectory with, mp = 0.1kg, (0) = 1.2rad, f(0) = 1.2rad




Simulation in MATLAB

m Elliptical trajectory with, mp = 0.5kg, (0) = 1.2rad, f(0) = 1.2rad




Simulation in MATLAB

m Static setpoint with, mp = 0.5kg, a(0) = 0, 5(0) = —1.5rad




Simulation in MATLAB

m Static setpoint with, mp = 1.0kg, a(0) = 0,5(0) = —1.571rad




Simulation in MATLAB

m Static setpoint with, mp = 1.0kg, a(0) = 0,5(0) = —3.14rad




Simulation in MATLAB

m Static setpoint with, mp = 0.3kg,a(0) = 0,5(0) = —1.571rad




Trajectory Planning with Dynamics of
Quadrotor + Pendulum

m The controller in the simulations for this presentation is only a feedback controller. It
does not account for the dynamics of the pendulum.

m Better controllers that account for the trajectory of the pendulum:
— Model Predictive Control
— Differential Dynamic Programming (Solve the Hamilton-Jacobi-Bellman PDE)
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